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New and Existing Techniques
for Dynamic Loads Analyses of Flexible Airplanes

Anthony S. Pototzky*
PRC—Kentron, Inc., Hampton, Virginia

and
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NASA Langley Research Center, Hampton, Virginia

This paper reviews existing techniques for calculating dynamic loads for flexible airplanes and presents a new
technique. The new technique involves the summation-of-forces method of writing dynamic loads equations.
Until now, this form of the dynamic loads equations has been formulated in the frequency domain. The new
technique uses 5-plane approximation methods (previously applied only to the equations of motion) to transform
the dynamic loads equations from a second-order frequency domain formulation with frequency-dependent
coefficients into a linear-lime-invariant state-space formulation. Several numerical examples demonstrate the
usefulness of the new technique and the high quality of the results. In addition, a convergence investigation
establishes that the summation-of-forces method converges more quickly (that is, with fewer modes) than does
the mode displacement method.
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.Nomenclature
= approximating coefficient matrices for gen-

eralized aerodynamic forces
= approximating coefficient matrices for aero-

dynamic component of SFM dynamic loads
= reference semichord
= matrix of MDM load coefficients
= generalized damping matrix
= augmented structural damping matrix
= SFM dynamic load matrix due to aero-

dynamic damping
= force applied at location / for flexible modey

(see Fig. 1)
= identity matrix

= generalized stiffness matrix
= augmented structural stiffness matrix
= SFM dynamic load matrix due to aero-

dynamic stiffness
= reduced frequency, ub/v
— vector of dynamic loads
= generalized mass matrix
= inertial matrix in SFM dynamic load

equations
= augmented structural mass matrix
= augmented inertial matrix in SFM dynamic

load equations
= generalized aerodynamic force coefficient

matrices due to motion, control deflection,
and gust

= SFM dynamic load matrices due to motion,
control deflection, and gust aerodynamics
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q,qc = vectors of generalized coordinates and con-
trol deflections

q — dynamic pressure, Vipv2

s = Laplace variable
t = time
UC,UG = vectors of control and gust inputs; uc = qc\

uG = wg
v = freestream velocity
wg = vertical gust velocity
x{ = state vector representing q
x2 = state vector representing q
x3 ,x4,x5 9x6 = state vectors representing aerodynamic Jags
j>/ = moment arm (see Fig. 1)
Zij = vertical displacement at location / for flexi-

ble mode j (see Fig. 1)
ft = aerodynamic lag
ft =(v/b)h
p = fluid density
a = root mean square value
$(to) = power spectral density function
co = circular frequency
( ) = time derivative

Introduction

H ISTORICALLY, the equations of motion (EOM) and
the dynamic loads equations (DLE) of flexible airplanes

have been formulated in the frequency domain with the
unsteady aerodynamic forces being transcendental functions
of frequency. Within the past decade, however, it has become
common practice to employ so-called "s-plane approxima-
tion" techniques to the aerodynamic coefficients within the
EOM.1'2 These techniques convert the original tabular nature
of the frequency dependency of each aerodynamic coefficient
to an approximating rational polynomial in the Laplace
variable s. With this technique employed, the EOM may then
be transformed into a linear-time-invariant (LTI) state-space
formulation. This formulation makes available a wide range
of computational tools for performing multivariable control
system analysis and synthesis tasks. A significant number of
papers already published (e.g., Refs. 1-10) attest to the com-
putational advantage of casting flexible-airplane equations in
the state-space formulation.
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Currently, the two most common methods of calculating in-
cremental airplane loads are the mode displacement method
(MDM) and the summation-of-forces method (SFM). These
two and a third method, the mode acceleration method
(MAM), are described in Ref. 11. All give theoretically iden-
tical answers for a sufficient number of modes. Reference 11
illustrates, by example, that the MAM ''shows a superiority in
convergence over" the MDM. However, Ref. 11 does not of-
fer a comparison of the convergence characteristics of the
MDM and the SFM. One of the purposes of this paper is to
present such a comparison.

A major difference between the MDM and the SFM is that
the DLE obtained using the SFM contain frequency-
dependent aerodynamic coefficients, while DLE obtained us-
ing the MDM do not. Because of this frequency dependency,
to date the SFM has been restricted to analyses performed
with transcendental frequency domain EOM. The MDM, on
the other hand, is applicable in either the transcendental fre-
quency domain or the LTI state-space representation. The
second, and major, purpose of this paper is to present the
conversion of the frequency-dependent SFM coefficients to
approximating rational polynomials in the Laplace variable
and, then, present the transformation of the resulting DLE
into an LTI state-space representation. Several numerical ex-
amples are presented.

Terminology
This paper deals with equations of motion (EOM) and

dynamic loads equations (DLE) in either a transcendental
frequency domain formulation or an LTI state-space for-
mulation. The DLE may be obtained by either the
summation-of-forces method (SFM) or mode displacement
method (MDM). For brevity, the term "formulation" will
refer to either the transcendental frequency domain represen-
tation of the EOM and DLE or the LTI state-space represen-
tation of the EOM and DLE; the term "method" will refer
to either the SFM or the MDM. As indicated in Table 1,
there are four possible combinations of formulation and
method.

The term "technique" will always refer to one of these
possible combinations. Recalling the title of this paper, the
new and existing techniques are indicated in Table 1.

Equations of Motion
The following discussion of the equations of motion for a

flexible airplane serves as background information for subse-
quent discussions of the dynamic load equations.

Development of Transcendental Frequency
Domain Formulation of EOM

The equations of motion are derived through a modal ap-
proach using Lagrange's equations. The resulting equations
are linearized small-perturbation equations about a par-
ticular (usually trimmed 1 g) operating point. These equa-
tions are expressed in matrix form in the Laplace domain as,

[M:MC] +s[D:0]

are real constants and are obtained from finite element struc-
tural analysis codes, such as Refs. 12 and 13. The elements
of [ Q ( s ) ] , [Qc(s)]> and [QG(s)] are complex transcen-
dental functions of the Laplace variable s. In actual practice,
the unsteady aerodynamic forces are typically computed for
oscillatory motion using finite element panel method codes,
such as Refs. 14 and 15. For this reason, engineers have, for
many years, implemented and solved Eq. (1) (for performing
flutter and gust analyses, for example) in the frequency do-
main. Rewriting Eq. (1) in the frequency domain yields

(-co2[M:Mc]

(2)

s-Plane Approximation Applied to EOM
As mentioned earlier, it has become common practice to

employ so-called "s-plane approximation" techniques to the
aerodynamic coefficients within Eq. (1). These techniques
convert the original tabular nature of the frequency
dependency of each coefficient to an approximating rational
polynomial in the Laplace variable s. The s-plane approx-
imation is applied to all elements of l Q ( s ) : Q c ( s ) ] and
[ Q c ( s ) } - A typical element is represented by

(3)
Ams

[s+(v/b)(3m_2]

As described in Ref. 4, the form of Eq. (3) permits an ap-
proximation of the time delays inherent in unsteady aero-
dynamics subject to the following requirements: real approx-
imating coefficients, denominator roots in the left-hand
plane, and a good approximation of the complex aero-
dynamic terms at s = iu. The approximating coefficients
(AQ,Al9...,A6) in Eq. (3) are evaluated by a least-squares
curve fit4'5 given the values of complex aerodynamic terms at
a number of discrete values of reduced frequency. The values

IMoment arm 'Moment arm Aero

Inertia

I
I

Load axis Load axis

(a) Mode displacement method (b) Summation of forces method
Fig. 1 Forces comprising two dynamic loads methods.

where q ( s ) and qc(s) are the vectors of generalized coor-
dinates and control surface deflections, respectively. For
simplicity, aerodynamic hinge moments and hinge moments
due to inertial coupling between the control surface and
other modes have been neglected in Eq. (1). Equation (1) is
solved for q(s). The elements of [M], [Mc], [D], and [K]

____Table 1 Combinations of formulation and method____

Formulation of EOM and DLE
Method of Transcendental LTI
obtaining frequency state-

DLE domain space

SFM
MDM

Existing
Existing

New
Existing
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of ft, ft, f t> and /34 from the denominator of Eq. (3) are ar-
bitrary, but they are usually set to values within the range of
reduced frequencies.

LTI State-Space Formulation of EOM
Once the equations of motion exist with the s-plane ap-

proximation incorporated into the equations, it is a routine
step to then transform them into the following LTI state-
space formulation in the time domain,10

0 [/] 0

(K D

0 A3

0 A*

0

0 0
1 (Kc Dc

0 AC3

0 AC6

0 0
1 (Kc DG

0 ^4

0 A

0 "

Me): 1
0

0

MG)

0

0 (4)

where

= M+q(b/v)2A2 = D + q(b/v)Al

This state-space formulation makes available a wide range of
computational tools for performing multivariable control
system analysis and synthesis tasks. The xl state vector
above is the generalized coordinate vector q in Eq. (1). The
x2 vector is the time derivative of x: . Vectors x2-x6 are aero-
dynamic lag states. The submatrices in the system matrix are
composed of M, D, and K matrices from Eq. (1) and parts
of the Q(s) matrix in Eq. (3). The input effectiveness
matrices are presented in a general fashion for gust and con-
trol surface inputs. Vectors uc and UG are the control surface
and gust input vectors, respectively.

Dynamic Loads Equations — Existing Techniques
The two most common methods of calculating incremental

airplane loads are the mode displacement method (MDM)
and the summation-of- forces method (SFM). Both methods
require the solution of the equations of motion (i.e., the vec-
tor of generalized coordinates — and, in the case of SFM, the
second derivative of this vector) and both give theoretically
identical answers for a sufficient number of modes. Brief
developments of the MDM and the SFM follow.

Mode Displacement Method (MDM)
The MDM is based on the internal forces of the elastic

structure. For each load (shears, bending moments, and tor-
sional moments at several locations on the vehicle), load
coefficients are obtained for each elastic mode. (Load coeffi-
cients for rigid-body and rigid-control-surface modes are
zero.) The following discussion outlines the manner in which
the load coefficients are obtained for a single elastic mode at

one load station. The extension to other elastic modes and
other load stations is obvious.

Figure la is a front view of a wing deflected into the mode
shape of one of its elastic modes. The arrows indicate the
forces (applied normal to the wing surface at structural
nodes) required to produce this deflected shape. With the
magnitude of each force known through the stiffness matrix,
shears, bending moments, and torsional moments (at any
location) due to these forces may be computed. The sum of
all forces outboard of the load station is the shear; the sum
of the products of all forces outboard of the load station
times their appropriate moment arms are the moments. Such
shears and moments are, then, the load coefficients for this
particular elastic mode. Load coefficients for the remaining
elastic modes can be found in an identical manner.

Transcendental Frequency-Domain Formulation
The transcendental frequency domain formulation of the

DLE for the MDM is given by
{L( iw) ) = [C] {?(/«)) (5)

where ( L ( / a > ) ) is the vector of dynamic loads; [C] is the
matrix of load coefficients; and q(iu), the vector of
generalized coordinates, is the solution of Eq. (2). Each ele-
ment of matrix [C] is a real constant.

LTI State-Space Formulation
The LTI state-space formulation of the DLE for the MDM

is analogous to Eq. (5) and is given by

= [ C O O . . . O ] J

(6)
where here submatrix C is identical to [C] in Eq. (5) and the
state vector is the solution to Eq. (4).

Summation-of-Forces Method (SFM)
In the SFM, shears, bending moments, and torsional

moments are obtained by summing inertial forces and
moments as well as forces and moments resulting from
unsteady aerodynamic pressures on the vehicle. The aero-
dynamic forces and moments are further broken down into
those due to vehicle motion and those due to disturbance.

Figure Ib illustrates the inertia and aerodynamic com-
ponents of the loads for finite element representations of the
vehicle. Aerodynamic forces are depicted as single-headed
arrows. Inertia forces are depicted as double-headed arrows.
Using the results from an unsteady aerodynamic panel
method, the magnitude of each single-headed arrow is equal
to the product of the unsteady pressure acting on a panel
times the area of that panel. The magnitude of each double-
headed arrow is equal to the product of a lumped mass (ob-
tained from a structural analysis code) times the acceleration
of that mass.

Consistent with the EOM expressed in Eq. (1), the general
form of the SFM load equations is

IL(,)J =

(7)
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where L(s) is a vector of dynamic loads. The first term on
the right side of the equation represents inertia forces, the sec-
ond term aerodynamic forces due to vehicle motion and
control surface deflection, and the third term aerodynamic
forces due to gust disturbances. The elements of [M] and
[Mc] are real constants. The elements of [ Q ( s ) : Q c ( s ) ] and
( QG (5)) are complex and transcendental functions of s.

Transcendental Frequency-Domain Formulation
The transcendental frequency domain formulation of the

DLE for the SFM is obtained by rewriting Eq. (7) in the
form

(8)

where q(iu) is the solution of Eq. (2).

Dynamic Loads Equations—New Technique
The new technique is the LTI state-space formulation of

the DLE for the SFM. The development parallels that in the
section on the equations of motion.

5-Plane Approximation Applied to SFM
The frequency-dependent aerodynamic load coefficients

within Eq. (8) can be represented by rational polynomial
functions in exactly the same form as those used _in the EOM
because the elements of [ Q ( i k ) : Q c ( i k ) ] an [ Q G ( i k ) } are
constructed in a manner similar to the elements of
[Q(ik):Qc-(ik)] and (Q G ( /£ ) ) . The s-plane approximation
for a typical element of [Q(s):Qc(s)] or ( Q G ( s ) } is
represented by

Ams
(9)

As in Eq. (3), the approximating coefficients (A0,Aj,...,A6)
in Eq. (9) are obtained by a least-squares curve fit. A typical
curve fit (in this case, first bending mode contribution to
wing root bending moment) employing Eq. (9) is presented
in Fig. 2.

LTI State-Space Formulation of SFM
For simplicity, in this section of the paper, the "LTI state-

space SFM dynamic load equations" will be referred to as
the "output equation." Formulation of the output equation
can be accomplished many possible ways, but the particular
form of the output equation used in this paper is consistent
with the EOM expressed in Eq. (4). Equation (4) is the form
of the EOM coded in two of the computer programs (ISAC
and KONPACT) used in the implementation of the new
technique (see the next section). Most of the terms of the
following output equation can be obtained with little dif-
ficulty by substituting Eq. (9) into Eq. (8) and then
associating the resulting submatrices with the appropriate
state vectors of Eq. (4). The remaining terms involve some
matrix operations in which the "lag" states are internally
transformed into the generalized coordinates.

| L ( 0 ) =
MM~l(KDqI ...ql)

K DqA3A^l

MM- \(KC

DG

(10)
where

——j A2,

The first row of submatrices in Eq. (10) represents the inertia
component of the loads; the second row represents the aero-
dynamic component.

Implementation of New Technique
This section deals with the computer implementation of

the new technique. Figure 3 is a flow chart illustrating the
relationships and flow of information between the systems of

3rxl(f O Tabular values 20

•s-plane approx.

Real Imaginary

1.0 1.5 0 ,5
Reduced frequency

1.0 1.5

\ Geometry
^ Mach number

L Mode shapes
Generalized stiffnesses
Generalized masses

\Lumped masses
t

DYLOFLEX (ref. 16)
• Generate transcendental

frequency -domain
EOM and DLE

• Compute frf's, psd's,
rms's

\Plots\

Fig. 2 Aerodynamic load coefficient due to airplane motion. Fig. 3 Implementation of new technique.
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computer programs used in this implementation. The name
and function of each system of programs is indicated in the
figure. There are a significant number of omissions of addi-
tional (and, in some cases, duplicated) capabilities of these
systems of programs. With these omissions in mind, the left
side of the figure represents the transcendental frequency do-
main formulation of the EOM and DLE; the right side
represents the LTI state-space formulation.

Transcendental Frequency Domain
Formulation of EOM and DLE

The primary inputs required are indicated in the top left
corner of Fig. 3. The DYLOFLEX16 system of programs is
used here to formulate and solve the EOM and the SFM
DLE in the frequency domain. The EOM as expressed in Eq.
(2) and the DLE as expressed in Eqs. (5) and (8) are solved
in DYLOFLEX, producing, as final answers, frequency
response functions (FRFs), power spectral density (PSD)
functions, root mean square (rms) values, and associated
plots.

LTI State-Space Formulation of EOM and DLE
The transcendental frequency domain formulation of

EOM and DLE (as created by DYLOFLEX) are written on a
magnetic file, as indicated in Fig. 3, and serve as the starting
point for the LTI state-space formulation. This file is read
by the ISAC17 system of programs, which performs s-plane
fits of the EOM and SFM DLE according to Eqs. (3) and
(9). Next, the KONPACT18 system of programs takes these
s-plane fits and other necessary information and creates
state-space EOM and SFM DLE according to Eqs. (4) and
(10). Finally, the PADLOCS19 system of programs takes the
LTI state-space form of the equations and solves them, pro-
ducing FRFs, PSD functions, rms values, and plots.

Numerical Examples
This section of the paper presents, first, a comparison of

the convergence characteristics of the MDM and SFM and,
second, two applications of the new technique. The con-
figuration chosen for all results presented in this section is
the NASA DAST ARW-2 airplane. In the NASA DAST
(Drones and Aerodynamics and Structural Testing) Project,
Firebee II target drones are modified by the removal of the
standard wing and the installation of aeroelastic research
wings (ARW). The second research wing in the series,
ARW-2, has a supercritical airfoil, high aspect ratio (10.3),
and low sweep angle (25 deg for the half-chord line). The
reference semichord is 11.74 in. A sketch of the NASA
DAST ARW-2 airplane is shown in Fig. 4.

The convergence investigation and first application use the
right semispan of ARW-2 as a cantilevered wind tunnel
model. (No test results are presented.) Mode shapes,
generalized masses, and generalized stiffnesses for the first
eight flexible modes, as well as the lumped masses, were ob-
tained from a structural analysis program. The disturbance
quantity in the equations of motion and dynamic load equa-
tions is the sinusoidal deflection of an outboard control sur-

face on the wing. A doublet lattice code was used to generate
unsteady pressures. The corresponding aerodynamic box
layout is shown in Fig. 5. The circle symbols represent the
points at which the dynamic load (shear, bending moment,
torsional moment) frequency response functions were
calculated. The analysis for this configuration were per-
formed at a Mach number of 0.7 and at a dynamic pressure
of 100 lb/ft2. The freestream velocity for this condition is
4242 in./s.

Convergence Investigation: Comparison of SFM and MDM
The purpose of this comparison is to determine which

method, the SFM or the MDM, converges more quickly to
the theoretical answer. Figure 6 presents frequency response
functions of wing root bending moment (WRBM) for both
methods calculated by use of the LTI state-space formula-
tion. All eight flexible modes are present in each method.
The magnitudes are in very close agreement over the entire
frequency range. With the exception of the disagreement in
the vicinity of 300 rad/s, the same is true for the phase
angles. This comparison is typical of the very good agree-
ment between methods for all load stations and for all loads

Vehicle centerline
K. l̂ x^r Wing/body juncture

Load stations

Control surface
Fig. 5 Aerodynamic box layout for ARW-2 right semispan.

MDM
SFM

Fig. 4 DAST ARW-2 aircraft.

Magnitude

WRBM

Phase,
deg -180

-360

cj, rad per sec
Fig. 6 Comparison of MDM and SFM wing root bending moment
frequency response functions due to control surface deflection.
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and confirms that, with a sufficient number of modes, SFM
and MDM converge to the same answer.

Figure 7 illustrates the effects on the load frequency
response functions of truncating flexible modes. The wing
root torsional moment (WRTM) is presented in this figure
because it experienced the most pronounced effects. The
solid lines are results obtained by retaining all eight flexible
modes in the analysis; the dashed lines are results obtained
by retaining only the first three flexible modes. Figure 7a
contains the MDM results, Fig. 7b, the SFM results. It is ob-
vious from Fig. 7a that, in truncating five flexible modes
from the MDM analysis, both the magnitude and phase
angle changed significantly over the entire frequency range.
This is not the case in Fig. 7b. There is very good agreement
for the SFM analysis up to about 200 rad/s (the natural fre-
quency of the third flexible mode).

Significant disagreement between three-modes-retained
and 8-modes-retained analyses occurs only at frequencies
higher than the natural frequency of highest retained mode.
Therefore, the SFM converges more quickly than ("shows a
superiority of convergence over") the MDM.

Application of New Technique: Frequency
Response due to Control Deflection

Figure 8 shows the wing root bending moment frequency
response functions. The dashed curves were obtained from

8 flexible modes
3 flexible modes

Magnitude

WRTM

Phase,
deg

10J

/I
10 '
io3

2
10^
ml

~A--' \
A / -

Vn\
s'\

\

-180

-360
10 10 10 10

w. rad oer sec
a) Mode displacement method.

IO5

io4

IO3

io2

0

Magnitude

WRTM

Phase,
deg -180

10,0 nl 10

b)

w, rad per sec
Summation-of-forces method.

Fig. 7 Effect of truncating flexible modes on wing root torsional
moment frequency response functions due to control surface
deflection.

the SFM transcendental frequency domain analysis and the
solid curve from the new SFM LTI state-space analysis.
There is excellent agreement between the magnitudes (they
are almost coincident) over the entire frequency range and
there is very good agreement between the phase angles.
Although not shown, the agreement between transcendental
and state-space results for all other loads at all load stations
was as good as or better than that shown in Fig. 8.

Application of New Technique: Gust Load Analysis
The configuration chosen for the second application is the

complete DAST ARW-2 airplane. Gust loads were calculated
for ARW-2 at analysis conditions corresponding to flight at
a Mach number of 0.7 and an altitude of 15,000 ft. The
freestream velocity for this condition is 8877 in./s. In the
analysis, two rigid-body modes (plunge and pitch) and the
first eight flexible modes were included. The aerodynamic
box layout for this configuration is shown in Fig. 9. The
circles represent the locations at which shear, bending mo-
ment, and torsional moment were calculated.

In the present example, transcendental/state-space com-
parisons are made of load FRFs, load PSD functions, and
load rms values due to gusts. The Dryden form of the one-
dimensional gust PSD function (with gust length of 2500 ft)
was chosen for these comparisons.

Figure 10 contains a comparison of wing-root bending mo-
ment FRFs due to gust. Magnitude and phase plots are
presented. The solid curve is from the state-space analysis
and the dashed curve from the transcendental analysis. There
is excellent agreement for the magnitudes over almost the en-
tire frequency range (2-500 rad/s). The comparison of phase
angles shows some discrepancies over the frequency range,
but is still considered to be very good. Figure 11 contains
comparisons of PSD functions of the wing root bending and
torsional moments. Again, there is excellent agreement for
each over almost the entire frequency range.

Figure 12 contains comparisons of load rms values as a
function of semispan. The solid curves are from the state-
space analysis and the dashed curves from the transcendental
analysis. Considering the high quality of the comparisons
shown in Figs. 10 and 11 for the wing root, it is not surpris-
ing that this trend continues out the span. The largest dif-
ferences in rms values occur at the tip, but, because of the
scale of the figure, are too small to be seen. The differences

Magnitude

WRBM

Phase,
deg

io6

io5

io4

in3

—— S
— — T

tate space
ranscend

__y \

ental

Jii\
\J

-180

-360
10 IO1 IO

, rad per sec
Fig. 8 Comparison of transcendental and state-space wing root
bending moment frequency response functions due to control sur-
face deflection.
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Table 2 Comparison of dynamic loads method

Mode displacement method
Attribute

Summation-of-forces method
Attribute

+ Load coefficients available without need for
unsteady aerodynamics

-l- Load coefficients are real and frequency
independent (trivial bookkeeping effort)

+ Dynamic load equations can be easily cast
in state-space form

- Can compute only the total load acting
on the vehicle

- Slower convergence with increasing number
______of retained modes______________

— Load coefficients available only after
unsteady aerodynamics obtained

- Load coefficients are complex and frequency
dependent (sizable bookkeeping effort)

+ Dynamic load equations can be cast in
state-space form

+ Can selectively compute components (aero-
dynamic or inertia) of the total load acting
on the vehicle

+ Faster convergence with increasing number of
retained modes

'Load stations

Fig. 9 Aerodynamic box layout for DAST ARW-2.
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Fig. 10 Comparison of transcendental and state-space wing root
bending moment frequency response functions due to gust.

Fig. 11 Comparison of transcendental and state-space dynamic
load power spectral density functions.

at the tip are 2.1% for shear, 4.1% for bending moment,
and 3.5% for torsional moment.

Discussion
These two applications of the new technique illustrate that

the technique works. However, it should be emphasized at
this point that the quality of the answers obtained with the
new technique is strongly dependent on the quality of the s-
plane approximations of both the generalized aerodynamic
forces and the SFM aerodynamic matrices. Good approx-
imations will provide good results; bad approximations, bad
results. To illustrate this, the poorer agreement between
state-space and transcendental FRFs and PSD functions (in
Figs. 8, 10, and 11) at the high frequencies is due to only a
"fair" 5-plane approximation for several of the SFM aero-
dynamic elements at reduced frequencies between 0.8 and
1.5.

Based on the convergence investigation and the two ap-
plications of the new technique, Table 2 contains a com-
parison of the attributes of the two forms of the dynamic
load equations (where the plus and minus signs indicate
whether the attribute is an advantage or a disadvantage,
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shear
(Ib)

0
100

5bend mom
(in-lb) 50

State space
--— Transcendental

i i i i

10 r

tors mom
(in-lb)

0 .2 .4 .6 .8 1.0

Fraction semispan
Fig. 12 Comparison of transcendental and state-space spanwise
variations of dynamic load rms values.

respectively). Looking at the first two entries for each
method, the major advantage of the MDM over the SFM is
the former's ease of use. In contrast, the SFM has the ad-
vantage of being able to compute individual load com-
ponents and, more importantly, the advantage of more rapid
convergence with number of retained modes. Thus, problem
size (and therefore computational core size) may be reduced
with the SFM. In addition, because the SFM is now available
in an LTI state-space formulation, a host of state-space com-
putational tools may now be employed.

Conclusions
The summation-of-forces form of airplane dynamic loads

equations has been expressed in an LTI state-space represen-
tation. This representation was obtained by computing a ra-
tional Laplace domain approximation of the dynamic loads.
The new technique has been demonstrated by comparing
dynamic loads computed the new way with those computed
in a traditional frequency domain analysis where the aero-
dynamic forces were transcendental functions of frequency.
There is excellent agreement between results obtained by the
new and traditional analyses. In addition, a comparison of
the summation-of-forces method (SFM) and the modal
displacement method (MDM) of computing dynamic loads
established that the SFM converges faster (with fewer modes)
than does the MDM.
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